We theoretically propose a new route to control magnetic and topological orders in a broad class of insulating magnets with a DC electric field. We show from the strong-coupling expansion that magnetic exchange interactions along the electric-field direction are generally enhanced in Mott insulators. We demonstrate that several magnetic or topological ordered phases such as quantum spin liquids and Haldane-gap states can be derived if we apply a strong enough DC electric field to typical frustrated or low-dimensional magnets. Our proposal is effective especially for weak Mott insulators and magnets in the vicinity of quantum critical points, and would also be applicable for magnets under low-frequency AC electric fields such as terahertz laser pulses. A similar strategy of controlling exchange interactions can also be utilized in cold atomic systems.
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Introduction. -One of the most important goals in condensed matter physics is to control the quantum states of matter. In recent years, great efforts have been made to understand how to control solid states by external fields both theoretically and experimentally. Particularly, many scenarios with AC electromagnetic fields or laser light, including the control of topological [1] [2] [3] [4] [5] [6] , magnetic [7] [8] [9] [10] [11] [12] [13] [14] , and superconducting [15] [16] [17] [18] [19] [20] orders, have been proposed and gathering much attention. For instance, some signatures of the realization of AC-field driven topological insulators (called Floquet topological insulators) have been detected in recent years [5, 6] . The control with low-frequency or DC (static) electromagnetic fields has been also studied intensively. For example, electric-field-controlled magnetism in multiferroics [21] [22] [23] [24] [25] [26] and Mott breakdown driven by DC electric fields [27] [28] [29] [30] [31] [32] are two of the attractive topics in the research field of DC-field control.
However, a wider range of DC-field driven phenomena has not been explored well compared with AC-field studies. DC fields usually do not make the system heated, while it is difficult to avoid heating effect in AC-field driven systems. This is a significant advantage of the DC-field study. Moreover, in recent years, experimental ways of generating strong DC electric fields (e.g., order of 1-10 MV/cm) have been developed by using several techniques based on, for example, field-effect transistors [33, 34] and nano-scale needles [35] . The technology of low-frequency AC fields has also been developed and for instance we can use terahertz (THz) laser pulses whose intensity is the order of 1-10 MV/cm [36, 37] . Novel proposals for DC-field and low-frequency AC-field driven phenomena thereby are being anticipated.
In this Letter, we theoretically show that lowfrequency or DC electric fields have a high potential to generate rich magnetic states in solids. We propose a new way to control magnetic or topological orders in Mott * takasan@scphys.kyoto-u.ac.jp † masahiro.sato.phys@vc.ibaraki.ac.jp insulators by static electric fields. We consider quantum magnets originating from Mott insulators with DC electric fields as shown in Fig. 1 (a) . In this setup, we derive the low-energy effective spin models by applying the strong-coupling expansion, and show that exchange interactions along the DC-field direction are generally increased with the growth of the field strength. 
where c rσ is a spin-σ electron annihilation operator (σ =↑ , ↓) on a site r = (i, j, k), and n rσ = c † rσ c rσ (the lattice constant is set to be unity). The first and second terms respectively stand for hopping and on-site Coulomb repulsion, and the on-site potential V r represents the effect of the applied electric field. For example, V r is reduced to V i = i|E| = iE when the electric field is parallel to the x-axis [50] . If the Coulomb repulsion U > 0 is strong enough, a Mott insulator is realized and we can derive its low-energy effective spin model by treating the kinetic term as a perturbation (large U expansion). The point is that the second-order virtual hopping amplitude becomes direction-dependent due to the field-driven potential V r as shown in Fig. 1 (b) . As a result, the exchange interaction becomes spatially anisotropic and the effective Hamiltonian in the second-order perturbation is given by
where S r is the electron spin operator on a site r, J rr = 4|t rr | 2 /U and ∆V rr = V r − V r . The summation is taken over all the bonds r, r . The perturbation expansion would be valid if the on-site potential energy is smaller than the Mott gap, i.e., |V r | U [51]. This effective spin-1 2 Heisenberg model clearly shows that antiferromagnetic (AFM) exchange couplings are generally enhanced by the DC electric field. For example, if we focus on a bond r 1 , r 2 parallel to the electricfield direction, the potential difference ∆V r1r2 is given by E|r 1 − r 2 | and thereby the exchange coupling on the nearest-neighboring bond is computed as J/(1−(E/U )
2 ) with J = 4t 2 /U being the exchange coupling in the original Hubbard model without any potential V r [ Fig. 1 (c) ].
The above argument and the physical picture in Fig. 1 (b) clearly indicates that the DC-field driven enhancement of exchange couplings generally takes place in a quite wide class of Mott insulators [52] . The scope is not limited to solid state systems. Our results are also applicable to Mott insulators in ultracold atoms on optical lattices [53] . Tilting optical-lattice potentials plays the same role as the DC field in solid systems [54] , and it is relatively easy to create such a tilted optical lattice. The tilt would be useful for realizing/controlling an AFM long range order in cold atoms [53, 55] .
If a similar strategy of the perturbation theory is applied to a half-filled two-orbital Hubbard model, we obtain the following spin-1 AFM Heisenberg model
where S r is the spin-1 operator on a site r, J rr = 2|t rr | 2 /(U + J H ) and J H is the strength of the Hund's coupling [56] . We stress that both the effective models (2) and (3) could be relevant even in a short period when a sufficiently low frequency AC electric field (e.g., THz laser pulse) is applied to the Mott insulators instead of DC fields [57] . We also note that on top of exchange couplings, spin-orbit (SO) couplings can be changed by DC electric fields [58] [59] [60] , although their strength would strongly depend on the detail of atomic wave functions and lattice structures.
DC-field Driven Phases and Transitions -On the basis of the above perturbation theory, we show how magnetic properties of Mott insulators can be controlled by DC electric fields. For instance, weak Mott insulators and magnets residing around critical points are expected to be quite relevant for the purpose of the DC-field control since their quantum states are unstable against a small change of magnetic interactions. Frustrated Magnets. -In frustrated magnets, spatial structures of magnetic interactions determine their magnetic orders, and the modification of the spatial structures with DC electric fields enables us to change the orders. Namely, frustrated magnets are expected to give one of the best stages for electric-field control of magnetism.
First, we consider a spin-1 2 AFM Heisenberg model on a triangular lattice as a typical frustrated magnet. If we apply DC fields to a spatially-isotropic Mott insulating triangular magnet, the spin Hamiltonian is given as
Here the vector r denotes a site on the triangular lattice, and primitive translation vectors a 1,2,3 are given by a 1 = (1, 0), a 2 = (−1/2, √ 3/2) and a 3 = a 1 + a 2 [ Fig. 2  (b) ]. The direction of the applied DC field E is controlled with the angle θ E as in Fig. 2 (a) .
, and
with J = 4t 2 /U . Without electric fields (E = 0), the ground state of this model is a commensurate 120
• structure shown in Fig. 2  (b) [61] [62] [63] . When a field E is applied, the exchange coupling becomes anisotropic, and an incommensurate spiral order would emerge. From the simple calculation of the classical ground state energy, we can determine the pitch angle of the incommensurate state as a function of E(= |E|) and θ E . Figure 2 (c) depicts the pitch angle θ 1(2) that is defined as the difference between two neighboring spins' angle on the bond along the a 1(2) direction. As shown in Fig. 2 (d) and (e), if θ E is locked to zero (π/2), the one dimensionality is enhanced (the system is gradually changed into a square lattice system). These results clearly indicate that the spiral order pattern can be controlled by electric fields smaller than the critical value of the Mott breakdown.
If we focus on the case of θ E = 0, the system is a spin-
anisotropic triangular lattice model with J 2 = J 3 , and it has been well studied both theoretically and experimentally [39] . Some previous studies [64] [65] [66] [67] [68] show that the spiral order is preserved at least up to J 2 /J 1 ∼ 0.6 when J 1 is increased with E. On the other hand, a reliable approach based on 1D quantum field theory shows that a Néel order should appear near the anisotropic limit (J 2 /J 1 → 0) [69] . At the point of J 2 = 0, the system is reduced to decoupled 1D Heisenberg chains and a Tomonaga-Luttinger liquid (TLL) phase appears. The quantum phases between spiral and Néel orders are still under debate, but it is predicted to be a quantum spin liquid [65] [66] [67] [68] . Combining these results with the E dependence of J 2 /J 1 , we obtain the ground-state phase diagram under the electric field E with θ E = 0, as shown in Fig. 2 (f) . Note that the end point of the Néel order has never been theoretically determined. Our approach indicates that sufficiently strong electric fields E/U ∼ 0.6 are necessary for the emergence of quantum spin liquid states if we start from the isotropic point J 1,2,3 = J at E = 0. This critical strength of the electric field corresponds to ∼ 5 MV/cm for typical organic triangular Mott insulators, e.g. (ET) 2 Cu(NCS) 2 [70, 71] and (ET) 2 Cu 2 (CN) 3 [71] [72] [73] , and it is in principle possible to reach this value by relying current techniques such Heisenberg model on a J1-J2 square lattice in DC electric fields (θE = 0). In Panels (b), (d), and (e), we set J2/J1 = 0.3 at E = 0.
as field-effect transistors [33, 74] .
In addition to the triangular lattice system, here we give a few remarks on the Kagomé lattice magnets. One sees from Fig. 2 (g ) that if we apply an electric field to a spatially isotropic Kagomé Mott insulator, three kinds of exchange couplings J 1,2,3 appear. The E dependence of J 1,2,3 is completely same as that of the triangular lattice. Our method provides the way of generating anisotropic Kagomé lattices.
Next, we turn to the spin-1 2 magnet on a J 1 -J 2 square lattice. On the top of the triangular magnet, this model is another representative of 2D frustrated systems and has been long studied [75] [76] [77] [78] [79] [80] [81] . We calculate how the exchange couplings are modified by an electric field parallel to a J 1 (J 2 ) bond, as shown in Fig. 3 (a)-(d) . In the case of E parallel to the J 1x bond (θ E = 0), one dimensionality is enhanced along the J 1x bond direction, and the system approaches to a quasi-1D magnet with frustrated inter-chain interactions J 1y and J 2 . This system has been theoretically studied and it is known that a dimer order or (Z 2 ) quantum spin liquid state appears when the frustration between two inter-chain couplings J 1y and J 2 is quite strong [75, 80, 81] . Therefore, we can draw the ground-state phase diagram under an electric field as in Fig. 3 (e) . Namely, a sufficiently strong electric field is expected to create a spin liquid state similarly to the case of the triangular lattice. In the case of θ E = π/4, the system approaches to a triangular AFM Heisenberg model with an additional interaction J 2⊥ . Néel ordered layered vanadium oxides such as PbVO 2 [78, 79] and VOMoO 4 [76] are good candidate materials for the J 1 -J 2 magnet. They have a relatively large value of J 2 /J 1 and thus a small electric field can make the Néel state change into dimer or spin liquid states.
Quasi-One-Dimensional Magnets. -Purely 1D magnets do not show any magnetic orders even at low temperature due to strong fluctuation effects [47] [48] [49] 82] . However, in a broad class of quasi-1D magnets, a magnetically ordered phase generally appears due to a weak but finite three dimensionality if temperature is sufficiently low.
When the electric field is parallel to the chain direction, the one dimensionality is further enhanced and an exotic quantum phases should appear. On the other hand, an electric field perpendicular to the chain makes the interchain coupling stronger and the system is expected to show a magnetic long-range order. To demonstrate our proposal, we analyze an AFM Heisenberg model on a cubic lattice consisting of weakly coupled spin chains, which is depicted in Fig. 4 (a) . In this model, the spin chains are parallel to the x direction, a DC electric field E is in the x-y plane, and the direction of E is defined by the angle θ E . In this setup, the spin Hamiltonian is written as
For the spin-1 2 case, the exchange couplings on the x and y directions are respectively given by
, and J z is that of the z direction. For the spin-1 case, the above formulas of the exchange couplings are modified by the replacement U → U + J H .
In the spin-1 2 system, if temperature becomes low enough (typically, order of inter-chain couplings), a Néel ordered phase emerges. In general, various sorts of finitetemperature phase transition points in quasi-1D systems can be determined by applying the chain mean field theory (MFT) [83] [84] [85] [86] [87] [88] [89] . In fact, the transition points predicted by chain MFT quite agree with experimental results of some quasi-1D magnets [87, 88] . We apply the chain MFT to the present spin-1 2 system and the resultant phase diagrams on the plane (k B T, E) are summarized in Fig. 4 (b) and (c). The detail of the chain MFT is explained in Supplementary Material. The phase diagrams show that when E is parallel to the x (y) direction, the one dimensionality is enhanced (inter-chain interaction becomes stronger) and the transition temperature decreases (grows) with increasing E.
For the spin-1 case, the so-called Haldane phase, a typical symmetry-protected-topological phase, is realized in each spin-1 AFM chain in a parameter range with small inter-chain couplings, while a Néel ordered phase takes place when inter-chain couplings are strong enough. The low-energy properties of the quasi-1D spin-1 system have been accurately investigated [90] [91] [92] and a quantum Monte Carlo simulation [90] shows the quantum phase transition between Haldane and Néel phases is and spin-1 results. The electric field E is parallel to the chain (E ax) in the cases (b,d), while E is perpendicular to the chain (E ay) in the cases (c,e). located at J y (E, θ E ) 0.043J(E, θ E ) for the 2D limit with J z = 0. Using this relation, we can generally determine the ground-state phase diagram of the spatially anisotropic 2D spin-1 magnets under an electirc field E. Figure 4 (d) and (e) are respectively the phase diagrams for E a x (θ E = 0) and E a y (θ E = π/2). The results of Fig. 4 clearly indicate that we can create/annihilate ordered or topological phases of quasi-1D magnets with a sufficiently strong DC electric field.
Our predictions of Fig. 4 [101, 102] ) are well known as typical quasi-1D spin-1 2 (spin-1) magnets. Particularly, the Coulomb interaction of NMP-TCNQ has been estimated as a rather small U ∼ 0.17eV [97] . For this magnet, Fig. 4(c) predicts that the critical temperature can increase by about 50% if we apply DC fields E ∼ 0.8MV/cm along the interchain direction with lattice constant ∼ 15Å. (3)]. Then we have illustrated that this enhancement is very useful for controlling the phases of magnets, and given rich phase diagrams (See Figs. 2-4) . We emphasize that a weaker DC field than that for the Mott breakdown is sufficient to control the magnetism, and our method is basically free from heating issues in contrast with the AC-field control.
[50] Strictly speaking, we should take into account the dielectric constant defined for each material. In other words, the electric field E used here is D = E.
[51] The detail of the derivation for the spin- bases are expressed as
Through straightforward calculation, we obtain
and
where
From these results, the effective Hamiltonian in the i-th and j-th sites is given by 
